Abstract. A conjecture of Thurston asserts that a geometrically finite hyperbolic 3-manifold is completely determined by the bending data of its convex core. We prove this conjecture for small deformations of fuchsian manifolds.
Introduction
Let S be a surface of finite topological type, obtained by removing finitely many points from a compact surface without boundary, and with negative Euler characteristic. We consider complete hyperbolic metrics on the product S Â Ày; y½.
The simplest ones are the fuchsian metrics defined as follows. Because of our hypothesis that the Euler characteristic of S is negative, S admits a finite area hyperbolic metric, for which S is isometric to the quotient of the hyperbolic plane H 2 by a discrete group G of isometries. The group G uniquely extends to a group of isometries of the hyperbolic 3-space H 3 respecting the transverse orientation of H 2 H H 3 , for which the quotient H 3 =G has a natural identification with S Â Ày; y½. A fuchsian metric is any metric on S Â Ày; y½ obtained in this way. Note that the image of H 2 in H 3 provides in this case a totally geodesic surface in S Â Ày; y½, isometric to the original metric on S.
These examples can be perturbed to more complex hyperbolic metrics on S Â Ày; y½:
See for instance [16] , [11] . A quasifuchsian metric on S Â Ày; y½ is one which is obtained by quasi-conformal deformation of a fuchsian metric. Equivalently, a quasifuchsian metric is a geometrically finite hyperbolic metric on S Â Ày; y½ whose cusps exactly correspond to the ends of S. These also correspond to the interior points in the space of all hyperbolic metrics on S Â Ày; y½ for which the ends of S are parabolic [10] , [15] .
If m is a quasifuchsian metric on S Â Ày; y½, the totally geodesic copy of S which occurred in the fuchsian case is replaced by the convex core CðmÞ, defined as the This work was partially supported by grant DMS-0103511 from the National Science Foundation. smallest non-empty closed m-convex subset of S Â Ày; y½. If m is not fuchsian, CðmÞ is 3-dimensional and its boundary consists of two copies of S, each facing an end of S Â Ày; y½. The geometry of qCðmÞ was investigated by Thurston [16] ; see also [5] . The component of qCðmÞ that faces the end S Â fþyg is a pleated surface, totally geodesic almost everywhere, but bent along a family of simple geodesics; this bending is described and quantified by a measured geodesic lamination b þ ðmÞ on S. Similarly, the bending of the negative component of qCðmÞ, namely the one facing S Â fÀyg, is determined by a measured geodesic lamination b À ðmÞ.
If QðSÞ denotes the space of isotopy classes of quasifuchsian metrics on S Â Ày; y½ and if MLðSÞ is the space of measured geodesic laminations on S, the rule m 7 ! À b þ ðmÞ; b À ðmÞ Á defines a map b : QðSÞ ! MLðSÞ Â MLðSÞ. By definition, bðmÞ ¼ ð0; 0Þ if the metric m is fuchsian, in which case the convex core CðmÞ is just a totally m-geodesic copy of S. The image bðmÞ A MLðSÞ 2 , interpreted as a measured geodesic lamination on two copies S Â fy; þyg of S, is the bending measured geodesic lamination of the quasifuchsian metric m.
The space QðSÞ is a manifold of dimension 2d where d ¼ À3wðSÞ À p f 0 if wðSÞ is the Euler characteristic of S and if p is its number of ends. It contains the space FðSÞ as a proper submanifold of dimension d. To some extent, the bending measured lamination bðmÞ measures how far the metric m A QðSÞ is from being fuchsian. Finally, recall that the space MLðSÞ of measured geodesic laminations is a piecewise linear manifold of dimension d.
Thurston conjectured that the restriction of the bending map to b could be used to parametrize QðSÞ À FðSÞ, namely that it induces a homeomorphism between QðSÞ À FðSÞ and an open subset of MLðSÞ 2 . The image of b was determined in [4] .
The goal of the current paper is to prove Thurston's conjecture on a neighborhood of the space of fuchsian metrics. There are well-known restrictions for ðm; nÞ A MLðSÞ 2 to be in the image of b; see for instance [4] . In particular, if ðm; nÞ 3 ð0; 0Þ is the bending measured lamination of some m A QðSÞ, then the measured geodesic laminations m and n must fill up the surface S, in the sense that every non-trivial measured geodesic lamination has non-zero geometric intersection number with at least one of m, n. This is equivalent to the condition that every component of S À m W n is, either a topological disk bounded by the union of finitely many geodesic arcs, or a topological annulus bounded on one side by the union of finitely many geodesic arcs and going to a cusp on the other side.
Let F MLðSÞ denote the open subset of MLðSÞ 2 consisting of those ðm; nÞ where m and n fill up S. Note that F MLðSÞ is endowed with a natural action of R þ defined by Theorem 2. In Theorem 1, the neighborhood V of FðSÞ and its image U ¼ bðV Þ can be chosen so that U À fð0; 0Þg is an open subset of F MLðSÞ which intersects each ray 0; y½ðm; nÞ in an interval 0; e mn ½ðm; nÞ, for some lower semi-continuous function ðm; nÞ 7 ! e mn . Theorems 1 and 2 are proved later as Theorem 14. The main idea of the proof is to construct an inverse b À1 : U À fð0; 0Þg ! V À FðSÞ, and splits into two steps: an infinitesimal part, and a transversality argument based on the infinitesimal part. The infinitesimal part is now relatively classical; see for instance [12] . There are restrictions on which bending data can be realized by an infinitesimal deformation of m 0 A FðSÞ. Through the complex structure of QðSÞ, where multiplication by i ¼ ffiffiffiffiffiffi ffi À1 p converts bending to shearing, these restrictions can be expressed in a purely 2-dimensional context; see Section 2. The main part of the proof is to show by a transversality argument that any infinitesimal bending data can actually be realized by a deformation. The only significant idea of the paper is to apply the transversality argument, not in QðSÞ where the necessary hypotheses are not realized, but in the manifold-with-boundary Q QðSÞ obtained by blowing up QðSÞ along the fuchsian submanifold FðSÞ.
Switching to the blow-up manifold
Q QðSÞ actually provides a better understanding of the restriction of b on a neighborhood of FðSÞ and of its inverse. See Theorem 13 for a precise statement.
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The earthquake section
We consider the Teichmüller space TðSÞ, namely the space of isotopy classes of finite area complete hyperbolic metrics on the surface S. Recall that TðSÞ is di¤eomorphic to R d , where d ¼ À3wðSÞ À p f 0 if wðSÞ is the Euler characteristic of S and p is its number of ends.
A standard deformation of a metric m A TðSÞ is the left earthquake E m m A TðSÞ along the measured geodesic lamination m, as constructed in [17] , [8] , [5] . We consider the infinitesimal left earthquake vector e Recall that the measured geodesic laminations m; n A MLðSÞ fill up, or bind, the surface S if every non-trivial measured geodesic lamination has non-zero geometric intersection number with at least one of m, n. This is equivalent to the condition that every component of S À m W n is, either a topological disk bounded by the union of finitely many geodesic arcs, or a topological annulus bounded on one side by the union of finitely many geodesic arcs and going to a cusp on the other side.
The results of the current paper hinge on the transversality part of the following statement.
Proposition 3. Let m; n A MLðSÞ be two non-zero measured geodesic laminations. The intersection of the two sections e m ; e Àn : TðSÞ ! TTðSÞ of the tangent bundle of TðSÞ is transverse. These sections meet in exactly one point if m and n fill up the surface S, and are otherwise disjoint.
Proof. We first translate the problem in terms of the length functions l m ; l n : TðSÞ ! R which to a metric m A TðSÞ associate the m-lengths of the measured geodesic lamination m and n. The Weil-Petersson symplectic form on TðSÞ induces an isomorphism between its tangent bundle TTðSÞ and its cotangent bundle T Ã TðSÞ. A celebrated result of Scott Wolpert [18] asserts that this isomorphism sends the section e m of TTðSÞ to the section dl m of T Ã TðSÞ. (Technically speaking, Wolpert proved this only in the case where m is a simple closed geodesic, but the general case easily follows by continuity, for instance using the cosine formula of [8] , Cor. 3.4; see also [1] and [14] for a direct argument.) Therefore, Proposition 3 is equivalent to showing that the sections dl m and Àdl n transversely meet in 1 or 0 point, according to whether m and n fill up the surface S or not.
First consider the case where m and n fill up S. The intersection of the sections dl m and Àdl n of T Ã TðSÞ corresponds to the points m A TðSÞ where d m l m ¼ Àd m l n , namely to the critical points of the function l m þ l n : TðSÞ ! R. It is proved in [8] , [9] that, because m and n fill up S, the function l m þ l n admits a unique critical point m 0 . In addition, the hessian of l m þ l n at m 0 is positive definite [19] , [9] . A consequence of this analysis is that, if T m 0 ðdl m ÞðvÞ ¼ T m 0 ðÀdl n ÞðvÞ, then v must be 0. Therefore, the intersection of the two sections dl m and Àdl n of T Ã TðSÞ at the point u is transverse, since these sections have dimension d and the total space T Ã TðSÞ has dimension 2d. By Weil-Petersson duality, this proves that the sections e m and e Àn of TTðSÞ have a transverse intersection consisting of exactly one point.
We now consider the case where m and n do not fill up the surface. In this case, the function l m þ l n has no critical point [9] (see also the discussion in [12] , §4.2). By the above translation, it follows that the sections e m , e Àn are disjoint.
This concludes the proof of Proposition 3. r
If the measured geodesic laminations m, n fill up the surface S, let kðm; nÞ denote the (unique) critical point of the length function l m þ l n : TðSÞ ! R. As above, kðm; nÞ is also the unique m A TðSÞ such that e Proof. By an (easy) infinitesimal version of [17] (see also [9] ), an infinitesimal left earthquake completely determines the measured geodesic lamination along which it is performed. If e If m and n fill up the surface then, for every t > 0, Proposition 3 shows that By definition, kðtm; nÞ is the unique minimum of the convex function tdl m þ dl n , which has positive hessian at this minimum. It follows that kðtm; nÞ is a continuous function of t. Conversely, t is completely determined by m ¼ kðtm; nÞ by Lemma 4. As a consequence, if m ¼ kðtm; nÞ stays in a bounded subset of TðSÞ, then t stays in a compact subset of 0; y½. In other words, the map 0; y½ ! TðSÞ defined by t 7 ! kðtm; nÞ is injective, continuous and proper. It follows that its image Kðm; nÞ, which we already know is a 1-dimensional submanifold of TðSÞ, is a line properly embedded in TðSÞ. r Following the terminology of [12] (motivated by [9] ), let the Kerckho¤ line be the proper 1-dimensional submanifold Kðm; nÞ H TðSÞ, consisting of all the kðtm; nÞ with t > 0.
Necessary condition for small bending
Let t 7 ! m t , t A ½0; e½, be a small di¤erentiable curve in QðSÞ. If
is its bending measured geodesic lamination, it is shown in [3] that the right derivative d dt þ bðm t Þ jt¼0 exists, as an element of the tangent space of MLðSÞ 2 at bðm 0 Þ. In general,
because MLðSÞ is not a di¤erentiable manifold, this tangent space consists of geodesic laminations with a transverse structure which is less regular than a transverse measure [2] . However, if we assume in addition that the starting point m 0 of the curve is fuchsian, the tangent space of MLðSÞ 2 at bðm 0 Þ ¼ ð0; 0Þ is just MLðSÞ 2 ; see [2] .
We can therefore consider the converse problem: Given a fuchsian metric m 0 A FðSÞ and a pair ðm; nÞ A MLðSÞ 2 of measured geodesic laminations, does there exist a small di¤erentiable curve t 7 ! m t A QðSÞ, t A ½0; e½, originating from m 0 and such that
The following result shows that m 0 is completely determined by m and n. 
, and [10] , §9, to guarantee that it is quasifuchsian for t su‰ciently small. In addition, it is proved in [5] , §3.9, [1] , that this curve is di¤erentiable in QðSÞ, and in particular admits a tangent vector The second curve will use the shear-bend coordinates associated, as in [1] , to a maximal geodesic lamination l containing the support of m. These coordinates provide a local parametrization of QðSÞ in terms of the geometry of a pleated surface with pleating locus l. Let m 0 t A QðSÞ correspond to a pleated surface whose induced metric is equal to the metric m þ t A TðSÞ induced on the positive component of the boundary qCðm t Þ of the convex core, and whose bending data is equal to tm, for t small.
It is proved in [3] that, because the curve t 7 ! m t is di¤erentiable and because
A T m 0 TðSÞ exists and the two curves t 7 ! m t and t 7 ! m 0 t have the same tangent vector at t ¼ 0. In particular, by di¤er-entiability of the shear-bend coordinates, the tangent vector This representation space RðSÞ is a complex manifold near the image of QðSÞ, and admits this image as a complex submanifold (an open subset if S is compact). The shear-bend local coordinates are well behaved with respect to this complex structure; see [1] . In particular, multiplication by i ¼ ffiffiffiffiffiffi ffi À1 p exchanges shearing and bending. We will use the following two consequences of this. 
we conclude that b . As in the proof of Proposition 3, this is equivalent to the property that m 0 ¼ kðm; nÞ. r
Realizing small bending
The goal of this section is to prove a converse to Proposition 6, by constructing in Proposition 11 a small curve of quasifuchsian metrics t 7 ! m t A QðSÞ, t A ½0; e½, such that bðm t Þ ¼ ðtm; tnÞ for every t.
For the measured geodesic lamination m A MLðSÞ, let P þ ðmÞ (resp. P À ðmÞ) be the space of quasifuchsian metrics m such that the positive (resp. negative) component of the convex core boundary qCðmÞ has bending measured geodesic lamination tm, for some t A ½0; y½.
Recall that d ¼ À3wðSÞ À p denotes the dimension of the Teichmü ller space TðSÞ. Proof. In the topological category, this is an immediate consequence of [7] . Indeed, consider the map h : QðSÞ ! TðSÞ Â MLðSÞ which, to a quasifuchsian metric m A QðSÞ, associates the induced metric m þ A TðSÞ and the bending measured lamination b þ ðmÞ of the positive boundary component of the convex core CðmÞ. It is proved in [7] that h induces a homeomorphism from QðSÞ to an open subset of TðSÞ Â MLðSÞ. This proves that P þ ðmÞ ¼ h À1 À TðSÞ Â ½0; y½m Á is a topological submanifold-with-boundary of QðSÞ.
However, we need to prove the result in the di¤erentiable category. For this, we will combine the homeomorphism of [7] with the di¤erentiable parametrization developed in [1] , and associated to a maximal geodesic lamination l containing the support of m. This parametrization provides an open di¤erentiable embedding j : QðSÞ ! TðSÞ Â H 0 ðl; R=2pZÞ:
The first component of jðmÞ is the hyperbolic metric induced on the unique m-pleated surface f m with pleating locus l. The second component is the bending transverse cocycle of f m , which belongs to the topological group H 0 ðl; R=2pZÞ G ðR=2pZÞ d l Z=2 of all ðR=2pZÞ-valued transverse cocycles for l that satisfy a certain linear condition at the cusps. In general, the bending of the pleated surface f m is measured by a transverse cocycle and not by a measured geodesic lamination because f m is not necessarily locally convex.
For notational convenience, it is useful to lift j to an embedding c : QðSÞ ! TðSÞ Â H 0 ðl; RÞ;
such that c sends FðSÞ G TðSÞ to TðSÞ Â f0g by the identity. Here, H 0 ðl; RÞ G R d denotes the space of all R-valued transverse cocycles satisfying the cusp conditions. Such a c exists and is unique because QðSÞ is simply connected. The vector space H 0 ðl; RÞ contains the transverse measure (also denoted by m) of the measured geodesic lamination m, and therefore also contains the ray ½0; y½m consisting of all non-negative real multiples of m.
We claim that P þ ðmÞ locally corresponds, under c, to the intersection of c À QðSÞ Á with TðSÞ Â ½0; y½m. Clearly, c sends an element of P þ ðmÞ to TðSÞ Â ½0; y½m. To prove the converse, we use the topological embedding h : QðSÞ ! TðSÞ Â MLðSÞ of [7] . Interpreting the ray ½0; y½m as a subset of both H 0 ðl; RÞ and MLðSÞ, the local inverse for h constructed in [7] coincides on TðSÞ Â ½0; y½m with the local inverse of c constructed in [1] . It follows that, if m A QðSÞ is su‰ciently close to m 0 A P þ ðmÞ and if cðmÞ A TðSÞ Â ½0; y½m; the bending measured lamination b þ ðmÞ is equal to the second component tm of cðmÞ. Therefore, a metric m near m 0 A P þ ðmÞ is in P þ ðmÞ if and only if cðmÞ is in TðSÞ Â ½0; y½m.
Therefore, under the di¤eomorphism c, the subspaces P þ ðmÞ and FðSÞ locally correspond to the intersection of c À QðSÞ Á with TðSÞ Â ½0; y½m and TðSÞ Â f0g, respectively. It follows that P þ ðmÞ is a submanifold of QðSÞ with boundary FðSÞ and with dimension d þ 1.
The same property holds for P À ðmÞ by symmetry. r Given two measured geodesic laminations m; n A MLðSÞ, we want to consider the intersection of P þ ðmÞ and P À ðnÞ. Note that this intersection is far from being transverse, since these two ðd þ 1Þ-dimensional submanifolds both contain the d-dimensional submanifold FðSÞ as their boundary. For this reason, we will consider the manifold-withboundary Q QðSÞ obtained by blowing up QðSÞ along the submanifold FðSÞ. Namely, Q QðSÞ is the union of QðSÞ À FðSÞ and of the unit normal bundle N 1 FðSÞ with the appropriate topology. Recall that the normal bundle NFðSÞ ! FðSÞ is intrinsically defined as the bundle whose fiber N m FðSÞ at m A FðSÞ is the quotient T m QðSÞ=T m FðSÞ, and that the fiber An immediate consequence of Proposition 9 is that the intersection of the two ðd þ 1Þ-dimensional submanifolds P P þ ðmÞ and P P À ðnÞ in Q QðSÞ is transverse near the boundary q Q QðSÞ. In particular, the intersection P P þ ðmÞ X P P À ðnÞ is a 2-dimensional submanifold of Q QðSÞ near q Q QðSÞ, with boundary q P P þ ðmÞ X q P P À ðnÞ contained in q Q QðSÞ.
By definition, a metric m A P þ ðmÞ X P À ðnÞ has bending measured lamination bðmÞ ¼ ðtm; unÞ for some t; u f 0. This gives a map p : P þ ðmÞ X P À ðnÞ ! R 2 , defined by m 7 ! ðt; uÞ. The map p is di¤erentiable by the proof of Lemma 7.
Let
R R 2 be obtained by blowing up R 2 along f0g. Because p À1 ð0Þ ¼ FðSÞ, the map p lifts to a di¤erentiable map p p : P P þ ðmÞ X P P À ðnÞ ! R R 2 .
Lemma 10. The map p p : P P þ ðmÞ X P P À ðnÞ ! R R 2 is a local di¤eomorphism near q P P þ ðmÞ X q P P À ðnÞ:
Proof. We will first prove that, at any point p 0 A q P P þ ðmÞ X q P P À ðnÞ, the (linear) tangent map T p 0 p p :
Let v A T p 0 P P þ ðmÞ X T p 0 P P À ðnÞ be such that T p 0 p pðvÞ ¼ 0. Considering the map P þ ðmÞ ! ½0; y½ which to m A P þ ðmÞ associates b þ ðmÞ=m A ½0; y½ and the induced map P P þ ðmÞ ! ½0; y½, we see that v must necessarily be in the tangent space of the boundary q P P þ ðmÞ. Symmetrically, it must be in T p 0 q P P À ðnÞ. Therefore, v is tangent to the intersection q P P þ ðmÞ X q P P À ðnÞ.
Let us analyze the restriction of p p to the boundary q P P þ ðmÞ X q P P À ðnÞ. By Proposition 9, q P P þ ðmÞ X q P P À ðnÞ is equal to the image of the Kerckho¤ line Kðm; nÞ under the section
Recall that an element of the Kerckho¤ line Kðm; nÞ is of the form m ¼ kðtm; nÞ for some t > 0, which is equivalent to the property that b tm m ¼ Àb n m . We will also need a coordinate chart for R R 2 near p pðp 0 Þ. Noting that the image of p is contained in the quadrant ½0; y½ 2 , we can use for this the chart j : 0; y½ Â ½0; y½ ! R R 2 defined on the interior by ðx; yÞ 7 ! ðxy; yÞ.
We claim that, if m ¼ kðtm; nÞ A Kðm; nÞ, then j À1 p pðb m m Þ is just equal to ðt; 0Þ. To see this, choose, in the 2-dimensional manifold P P þ ðmÞ X P P À ðnÞ, a small curve s 7 ! m m s , s A ½0; e½, This computation shows that the restriction of p p to the boundary q P P þ ðmÞ X q P P À ðnÞ is a di¤eomorphism onto its image. In particular, if v A T p 0 q P P þ ðmÞ X T p 0 q P P À ðnÞ is such that
This concludes the proof that the tangent map
is injective. Since p p sends the boundary of the 2-dimensional manifold P P þ ðmÞ X P P À ðnÞ to the boundary of the 2-dimensional manifold R R 2 , this proves that p p :
is a local di¤eomorphism near p 0 A q P P þ ðmÞ X q P P À ðnÞ. r
This immediately gives the following converse to Proposition 6.
Proposition 11. Let m; n A MLðSÞ be two measured geodesic laminations which fill up the surface S, and let m 0 be the minimum kðm; nÞ of the length function l m þ l n . Then there is a small di¤erentiable curve t 7 ! m t A QðSÞ, t A ½0; e½, beginning at m 0 and such that the bending measured lamination bðm t Þ is equal to ðtm; tnÞ for every t.
Proof. Consider the curve t 7 ! ðt; tÞ, t A ½0; e½, in R 2 . By Lemma 10, for e small enough, there is a curve t 7 ! m m t A P P þ ðmÞ X P P À ðnÞ such that t 7 ! p pð m m t Þ coincides with the lift of t 7 ! ðt; tÞ to R R 2 . By definition of the map p, this just means that the projection m t A QðSÞ of m m t A Q QðSÞ is such that bðm t Þ ¼ ðtm; tnÞ for every t A ½0; e½. r
Parametrizing quasi-fuchsian groups by their small bending
Recall that F MLðSÞ denotes the open subset of MLðSÞ 2 consisting of those pairs ðm; nÞ such that m and n fill up the surface S.
Let
F F MLðSÞ be obtained by blowing up F MLðSÞ W fð0; 0Þg along fð0; 0Þg. Namely, F F MLðSÞ is formally obtained from F MLðSÞ by extending each ray 0; y½ðm; nÞ to a semiopen ray ½0; y½ðm; nÞ, with the obvious topology. In particular, F F MLðSÞ is the union of F MLðSÞ and of its boundary q F F MLðSÞ, which is just the quotient space of F MLðSÞ under the multiplicative action of R þ .
For every ðm; nÞ A F MLðSÞ, Proposition 11 provides a maximal ray R mn ¼ ½0; e mn ½ðm; nÞ in F MLðSÞ W fð0; 0Þg and a di¤erentiable map F mn : R mn ! QðSÞ such that F mn ðm 0 ; n 0 Þ has bending measured lamination ðm 0 ; n 0 Þ for every ðm 0 ; n 0 Þ A R mn and such that P þ ðmÞ and P À ðnÞ meet transversely along F mn ðR mn À f0gÞ. Here, the statement that R mn is maximal means that e mn A 0; y is maximal for this property.
Note that R mn and F mn depend only on the orbit of ðm; nÞ under the action of R þ , namely on the corresponding point of q F F MLðSÞ. Let R R mn be the lift of R mn in F F MLðSÞ, and lift F mn to F F mn : R R mn ! Q QðSÞ. In particular, Let U U H F F MLðSÞ denote the union of all the R R mn , and let F F : U U ! F MLðSÞ restrict to F F mn on each R R mn . We want to show that F F is continuous.
Lemma 12.
As the measured geodesic lamination m tends to m 0 for the topology of MLðSÞ, the submanifold P Proof. We will use the tools developed in [1] .
Let m n A MLðSÞ, n A N, be a sequence converging to m 0 . Let l n be a maximal geodesic lamination containing the support of m n . Passing to a subsequence if necessary, we can assume that, for the Hausdor¤ topology, the geodesic lamination l n converges to a geodesic lamination l 0 , which is necessarily maximal and contains the support of m 0 .
The shear-bend coordinates associated to l n provide an open biholomorphic embedding F n : QðSÞ ! H 0 ðl n ; C=2piZÞ. Here H 0 ðl n ; C=2piZÞ is the topological group of C=2piZ-valued transverse cocycles for the maximal geodesic lamination l n which satisfy the cusp conditions, and is isomorphic to ðC=2piZÞ d l Z=2. For a metric m A QðSÞ, the real part of F n ðmÞ A H 0 ðl n ; C=2piZÞ ¼ H 0 ðl n ; RÞ l iH 0 ðl n ; R=2pZÞ measures the induced metric of the unique m-pleated surface with bending locus l n , and the imaginary part measures its bending. In particular, P G ðm n Þ locally corresponds to F À1 n À H 0 ðl n ; RÞ l iRm n Á , or more precisely to a branch of the immersion which is the composition of the projection H 0 ðl n ; RÞ l iRm n ! H 0 ðl n ; C=2piZÞ and of F À1 n .
To compare the various H 0 ðl n ; C=2piZÞ pick a train track t carrying l 0 . Since l n converges to l 0 for the Hausdor¤ topology, t also carries the l n for n large enough. Then there is a well-defined isomorphism C n : H 0 ðl n ; C=2piZÞ ! Wðt; C=2piZÞ, where Wðt; C=2piZÞ is the group of C=2piZ-valued edge weights for t satisfying the switch and cusp relations.
Because l n converges to l 0 for the Hausdor¤ topology, if follows from the explicit construction of [1] , §5, §8, that F Note that we actually proved real analytic convergence in Lemma 12. However, we will only need C 2 -convergence. Proof. The restriction F F mn of F F to R R mn was constructed by considering the transverse intersection of the submanifolds P P þ ðmÞ and P P À ðnÞ near the boundary of Q QðSÞ. By Lemma 12, P P þ ðmÞ and P P À ðnÞ depend continuously on ðm; nÞ for the topology of C 1 -convergence. (Note that one needs the C 2 continuity of P þ ðmÞ and P À ðnÞ to guarantee the C 1 continuity of P P þ ðmÞ and P P À ðnÞ near the boundary.) It follows that the length e mn of R mn ¼ ½0; e mn ½ðm; nÞ is a lower semi-continuous function of ðm; nÞ, and that F F mn depends continuously on ðm; nÞ. This proves that the union U U of the R R mn is open in F F MLðSÞ, and that F F is continuous. It follows that F F is injective on U U À q F F MLðSÞ, and therefore on all of U U by Proposition 6. We conclude with a few remarks.
A recent result of Caroline Series [13] shows that we can restrict the neighborhood V of Theorem 14 so that b
When m and n are multicurves, namely when their supports consist of finitely many closed geodesics, it follows from [6] that the submanifolds P P þ ðmÞ and P P À ðnÞ are everywhere transverse, by a doubling argument as in [4] . Using [4] , the open subset V of Theorem 14 can therefore be chosen so that the image U ¼ bðV Þ H MLðSÞ 2 contains all rays of the form ½0; y½ðm; nÞ where m and n are multicurves.
As indicated in the introduction, it is conjectured that we can take V equal to the whole space QðSÞ. See [4] for a characterization of the image of QðSÞ under b.
